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Current and Potential Distributions in Nonequilibrium

MHD Plasmas at High Magnetic Field Strengths

Lagsos L. LeneyeL*
Max-Planck-Institut fir Plasmaphysik, Garching bet Miinchen, Germany

The method of characteristics is applied to steady-state two-dimensional current and po-
tential distributions in loss-free nonequilibrium MHD plasmas. The existence conditions of
real characteristics are analyzed; the characteristic directions are defined and the correspond-
ing compatibility relations are found. In an approximation corresponding to low ionization
degree and moderate electron temperature elevation, analytic solutions are obtained for two
particular cases: neutral collision and Coulomb collision dominated plasmas. The two
families of characteristics are shown to coincide (neutral collisions) or nearly coincide (Cou-
lomb collisions) with current streamlines and electric field lines. At magnetic field strengths
above a critical value the discharge becomes striated even in ideal perturbation-free plasmas.
The current flowing from electrode to electrode contracts to filaments of elevated current
density. The solution indicates the existence of eddy currents in the system which consume a
part of the applied (or induced) voltage, thus impairing the attainable electrical efficiencies.
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Introduction

HE MHD power conversion experiments with pure and

alkali metal seeded noble gases have raised a number of
questions regarding the structure and behavior of discharges
in nonequilibrium plasmas subject to the action of applied
magnetic fields (see Refs. 1-6 and the studies ecited therein).
Some of the fundamental phenomena pertaining to current
and potential distributions in such discharges can be explained
on the basis of earlier analytical and numerical studies in
which the nonlinear coupling between the current density and
local plasma parameters was not taken into account (for
example, Refs. 7-10). Quantitative data on the magnitude
of these effects in nonequilibrium plasmas as well as informa-
tion on the effects of finite rate ionization and recombination,
velocity sweep, preionization, ete., on the field distributions in
MHD channels and on the output characteristics of such de-
vices could only be obtained from numerical studies allowing
for the current dependence of the electron temperature, elec-
tron density, and the related plasma parameters.!*—16

The computations involve numerical solution of nonlinear
second-order partial differential equations obtained for the
two-dimensional current streamline and/or electrostatic po-
tential distributions from Ohm’s generalized law and Max-
well’s equations. The equations are usually linearized in the
process of solution: only the basic variables (the components
of the current density or electric field vectors expressed, re-
spectively, by means of a stream and a potential function) ap-
pearing explicitly in the respective equations are treated as
unknowns, while the coeficients [which are themselves func-
tions of the current density or electric field strength, see Eqgs.
(6) and (7) of the next section] are computed and readjusted
in an iterative manner. As a result of this approach, the
highest-order derivatives of the unknown functions are not
affected by the relative magnitudes of the coefficients ap-
pearing in the equations, and the equations thus linearized
remain elliptic at any values of the physical parameters speci-
fied for the problem.

While at low magnetic field strengths the computations were
found to converge rapidly and yield stable solutions,2~4 con-
vergence difficulties or unstable phenomena®—'% were ob-
served at magnetic field strengths exceeding a certain value.
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Systematic investigations of the original nonlinear equa-
tions!3.4 showed that the equations are only elliptic if the Hall
parameter (magnetic field) does not exceed a critical value and
become hyperbolic in the region above this value. As has
been noted by Oliver and Mitechner,!® the boundary between
the elliptic and hyperbolic regions coincides with the stability
criterion of electrothermal waves deducible from the same set
of equations by means of perturbation analyses. Indeed,
two-dimensional time-dependent computations carried out
with the same equations have shown that while at low mag-
netic field strengths disturbances introduced into an initially
uniform current field rapidly disappear from the system, at
high magnetic field strengths they become amplified and lead
to breakdown of the plasma into alternating layers of higher
and lower current density, electron temperature, ete.l”8
Only in a limited number of cases did these computations lead
to reproducible asymptotic (quasi-stationary) field distribu-
tions other than final turbulent states'® which are rather diffi-
cult to distinguish from computer-damped or smeared solu-
tions.

The convergence difficulties inherent in these computations
at high magnetic field strengths raise a question of a funda-
mental nature.

In the case of an elliptic boundary value problem, a dis-

. turbance introduced into the field at a boundary or an interior

point is transferred from point to point until it affects the field
distribution at all interior points, i.e., the ‘“range of influence”
of each point convers the whole domain considered. In the
case of a hyperbolic problem, on the other hand, each bound-
ary or interior point only has a limited range of influence..
Disturbances introduced into the field at boundary or interior
points as well as possible discontinuities in the derivatives of
the independent variable can only propagate in well defined
‘““characteristic” directions along the so called characteristic
lines. All points outside the region bounded by the charac-
teristics passing through a point (i.e., outside the range of in-
fluence of this point) remain unaffected by changes taking
place at the point itself.

Hence treating a basically hyperbolic boundary value
problem as an elliptic one means neglecting the possible
discontinuities of the field derivatives and artifically extending
the range of influence of each boundary or interior point to
cover the whole domain. The validity of such an approach
in general and its applicability to boundary value problems
with discontinuous boundary conditions in particular are
highly questionable.
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Recently, Glushkov et al.* have shown that in a particular
case corresponding to a simplified plasma model the equations
defining the two-dimensional current streamline distribution
are reducible to a first-order partial differential equation which
can be integrated at any magnetic field strength. The inte-
gral contains, however, a function that cannot be determined
from the information provided by the statement of the
problem.

The purpose of the present analysis is to explore field
distributions in nonequilibrium MHD plasmas at high mag-
netic field strengths without manipulating the hyperbolic
character of the basic equations involved. The applicability
of the method of characteristics for computing steady-state
two-dimensional electromagnetic field distributions is con-
sidered.

Characteristic Equations

Consideration is given to a two-dimensional nonequilibrium
MHD plasma model (potassium seeded argon, ms = mxk)
describable in terms of the following equations:

J+BUJ Xb) =dE (1)
VXE=V.J=0 @

J.E = nwd(3kT,/2 — 3kTg/2)m,/ma 3

N = Negona(Te) ve = veo(T) 1€))

0 = ne/mw, B = eB/me. (3)

where } is a unit vector in the direction of the applied (uni-
form and constant) magnetic field: B = bBoljz. In the

preceding equations, the usual notation has been used (J =
current density, E = electric field intensity, 8 = Hall
parameter, ¢ = electrical conductivity, n, = electron
density, T. = electron temperature, ». = electron collision
frequency, ete.). The plasma is at rest, steady-state condi-
tions are assumed, the gradient of the electron pressure is ne-
glected in Ohm’s law. Only ohmic heating and elastic colli-
sions are considered in the energy equation, the electron
density is given by the Saha relation, and the collision fre-
quency of the electrons is assumed to be a unique function of
the electron temperature. The form of the v, = v.(T,) de-
pendence is, however, left open. The analysis may be ap-
plied to an arbitrary noble gas alkali metal mixture by re-
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and 8)
n, = d lnve/d InT,

where & = ne/(ne + nx) is the degree of ionization, the lo-
garithmic derivatives appearing in Eqs. (6) and (7) can readily
be expressed with the help of Egs. (3) to (5):
dlne = (9, — 9,)d InT, = (1 — 9)9.d InT,
dln8 = — 9,dInT, 9)
dinT. = (9, + AT./2)"d InJ = [n,/(1 + B3 +

" AT,/2]-d InE

where 7 = n,/7,, and AT, = T,/(T. — T,) is 2 measure of the
electron temperature elevation.

In view of Eq. (2), a potential function ¢ and a current
stream function v can be introduced by means of the following
relations:

E=-V¢, J=VXv¥ v=(007) (10)

The nonlinear second-order partial differential equations
that define the potential and ecurrent distributions are ob-
tained by substituting Egs. (9) and (10) into Eqgs. (6) and (7)
and can be written in the following form:

A0%/0x* 4 B,of/oxdy + C,0%/oy* =0 (11)

where f == ¢ and f = ~ for the potential and the current
streamline distributions, respectively. The coefficients A4,,
By, and C; are themselves functions of the indepentend vari-
able. Equation (11) is supplemented by the boundary condi-
tions Fin = 0 at electrode surfaces and Joom = 0 at insulator
surfaces.

The characteristic equation and the respective compati-
bility relation for either of the two field distributions (¢,v)
are given by the pair of zero matrices

Af B,' Cf Af 0 Cf
dr dy 0|=0,|dc df. 0| =0 12)
0 dr dy 0 df, dy

The indices # and y appearing at the function “f” (ie., at
¢ and ) denote derivatives with respect to these variables.
At all other quantities they denote projections on the respec-
tive coordinate axes. The first matrix yields a first-order
differential equation defining two families of characteristics
(““4+’” and “~7’) for each of the field distributions

dg)*_ 1blp + 8+ p(1 — Bp)]1 = 2b,(p + A1 — Bp)/(1 + BY) = (1 + p?) Dy

&),"2  bi- ) +hIB+PI - A+mP/ATEF1T (13)
- . . . With
placing the ratio v./m 4 in the energy equation by the sum D2 = B2 — 2b,/(1 + B2 — 4[b + 1 + b,(6* — 1)/
Loya/ms ® + D]
and

Variations in the direction of the magnetic field are neglected:
0/0z = 0.

By means of Egs. (2) one can eliminate either E or J from
Eq. (1) thus obtaining two equivalent sets of vector equations
defining the current and/or potential distributiAons in the
plane perpendicular to the magnetic field direction b:

VXJT4+JXVine —b81-VIn(B/e) =0,V-J =0 (6)
and
V-E + E-VIno + B(E X V Ino)-b —
[26E — (8> — D(E X BV InB/(1 4+ ) =0 (7)
VXE=90
Defining two logarithmic rate coefficients

7 = (d Inne/d InTo)gona = (3/2 + e:/kTe)(1 — a)/(2 — @)

Qy)*= 18b.(¢* — 1) + 2b,(1 — mg &= (1 + ¢ D, (14)

dz/y 2 Bbyg — (1 — mbog® + 1 + ¢*
with
D) = B%2 — 4[1 — (1 — nb,)

In the preceding expressions, the following notation has been
used:

p = E,/E. = (0¢/0y)/(0¢/0x) =

(g — B/ 4+ 9B (15a)
q =Jy/J: = —7/02)/Qv/dy) =

(@ + B/ — pB) (15b)
b, = n,/[n/(1 + 8% + AT,/2] (15¢)
by = ne/(ne + AT/2) (15d)

Il
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b = nb,/n, (15e)

The second matrix (compatibility relation) yields expres-
sions for the variation of the current density and electric field
components along the respective characteristics. Because
of the homogeneity of the basic equations, the two families of
characteristics in the physical (z,y) and “hodograph” (E.,
E, or J,, J,) planes are found to be reciprocally orthogonal

(d/dp2) * (dy/dn)% = (dE,/dB)* (dy/de)T = ~1 (16)
— @vu/dy)* (dy/dn)%, = (@]./d])*@y/a)T =1 (7)

The existence of real characteristics depends upon the magni-
tude of the quantities appearing in ©y and D,. Since the
current and potential distributions are not independent of
each other, D, and D, must be linearly dependent. As can
readily be shown, b, 9, = bD,,.

A check of the expressions for D, and D, reveals that, with-
in the framework of the present approximation, no real char-
acteristics exist in equilibrium plasmas (AT, — «, b — b, —
b, — 0). In the absence of magnetic fields (8 = 0), or in the
case of a fully ionized plasma (@ — 1, 1. = b — b, — 0) real
characteristics exist if 5, < — AT./2, i.e., if the electron col-
lision frequency decreases with increasing electron tempera-
ture and the rate of decrease satisfies this inequality. In the
presence of a magnetic field, real characteristics exist if the
Hall parameter exceeds a critical value given.by Bene = 2[(7,
+ AT./2)(n, + AT./2)]1V2/n,. Hence

De/b = Dy/be = (B2 ~ Boris?)/2 (18)

It is of interest to note that the existence condition for real
characteristics coincides with the stability limit of the basic
equations with respect to small perturbations. Indeed, a
linear perturbation analysis applied to these equations (the
energy equation is taken in its time-dependent form) yields a
maximum exponential growth rate w; given by the following
expression:

™*w; = [B%,2 + (0, — )2V — (9 + m + AT.)
where
7'* = (3kT,o7]eoa'o/2Joz) [1 + (1 + 28.;/3’0Teo>7130]

is a characteristic growth time corresponding to Saha con-
ditions. As can readily be seen, the cirtical Hall parameter
corresponding to neutral stability (w; = 0) is identical to the
one representing the existence condition of real characteristics.
Hence in this approximation at high magnetic field strengths
steady-state field distributions may only exist under ideal
(perturbation-free) conditions.

We shall now consider in detail two particular cases cor-
responding to neutral and Coulomb collision dominated
plasmas. It shall be assumed in both cases that the value of
the coefficient ATe/27, is small compared to unity (low de-
gree of ionization, ete.). - Although this condition allows con-
siderable simplification of the equations involved, it has some
undesirable consequences. As can be seen from ¥gs. (15) and
(9), if ATe/29, < 1,b,— 1, and d Inn. = d InJ, i.e., the elec-
tron density vanishes in regions of zero current density.
Such a mathematical abstraction warrants special care in
interpreting results which involve locally vanishing current
densities.

Because of computational convenience, we shall work pri-
marily with the equations derived for the current streamline
distribution. A Faraday generator geometry with plane
electrodes shall be considered.

A. Neutral Collision Dominated Plasma

Since in this case the collision frequency is practically inde-
pendent of the electron temperature, 7, =~ 0, n — 0, b, — 0,
and b > 1. Furthermore, since b, — 1, d Ine = d InJ [see
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Eq. (9)], and Eq. (14) reduces to
dy/de)y = [B(g® — 1) + 2¢ = B(@+ 1)]/2(1 + Bg) (19)

Using the reciprocal orthogonality condition and Ohm’s law
we obtain the rather simple relations

(dy/dz)* = g, (@J,/d])* = p

(dy/dz)~ = p, (@dJ,/d].)~ = ¢
where the subseript “y” has been omitted from the slope of
the physical characteristics. [The same relations may also be
obtained from Eq. (13).]

The variation of the electric field components along the
characteristics can be determined from Ohm’s law and the
last of Eq. (9):

(I + pdE,/dE) (B + p — (1 — Bp)dd,/dJ.] X
20,/ AT/ + p) + (1 + BdJ,/dJ.)dE,/dE. +
. g —dJ,/dl. =0 (21)
Equations (20) and (21) are supplemented by the relations
dp = (dE,/dE. — p)dE./E. (22a)

dg = (dJ,/dJ. — Q)dJ:/J» (22b)

(20)

As can be seen from Eq. (20), in this approximation the two
families of characteristics coincide with the current stream-
lines and the electric field lines, respectively. Disturbances
caused, for example, by discontinuities in the boundary condi-
tions (electrode edges) can only propagate along current
streamlines or electric field Jines into the plasma.

Equations (20-22) yield the following expressions for the
variation of the electric field intensity and current density
along the positive and negative characteristics:

dlnd)t = —d8,/B, dInE)* = —df,/a*B

23
dlnJ)-=0,dInE)- =0 @3)

where 6, = arctan ¢, 0, = arctan p, , = 0, + arctan 8 and o*
=1+ 29,/AT, =~ 29,/AT,.. Since 8 = const in this approxi-
mation, the preceding expression can readily be integrated:
J)T = const exp(—6,/8), E)* = const exp(—8,/a*B)

J)~ = const, E)~ = const

I

(24)

The variations of J,, J, E., and E, as functions of the stream-
line or electrie field directions can readily be computed using
Eq. (24) and the definitions of ¢ and p. The constants of
integration can be found from the boundary conditions speci-
fied at, for example, electrode surfaces.

As can be seen, both E and J remain constant in regions
where p and ¢ are constant and vary elsewhere according to
the logarithmic spiral law. Straight streamlines can only be
parallel lines, confocal (converging or diverging) rays are not
admitted by this solution. Following a streamline, a turn in
the positive (counter-clockwise) direction reduces the current
density, and vice versa.

As can be seen from Eq. (22), both p and ¢ remain constant
along the negative characteristics, which are electric field lines.
Hence the electric field lines must be straight lines normal to
equipotential surfaces and emerging from or terminating on
nonvanishing charge concentrations.. The characteristics
are parallel lines at plane electrode surfaces and concentric
rays at point charges. Thus the centered waves arrived at in
Ref. 4 are in fact electric field lines belonging to the family of
negative characteristics considered here. The equation of the
current streamlines can be written at once by recalling that
the separation distance between the streamlines is inversely
proportional to the current density: r = const exp(8/8),
ie., the streamlines are represented by exponential spirals.
Here r = [(z ~ 2)? + (¥ — yo)?]V3 8 = arctan|[(y — ye) —
z ~ x,)], and subscript ¢ refers to the location of the spiral
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Fig. 1 Hyperbolic field distributions in neutral collision

dominated plasmas with discontinuous boundary condi-

tions. Solid lines: current stream lines. Broken lines:

electric field lines. a) Finite electrode segmentation; b)
lateral restriction.

center. The same expression can also be obtained formally
by integrating the first of Egs. (20).

Current and electric field distributions arrived at on the
basis of the above solution are shown in Fig. 1. The main
features of these distributions are as follows:

a) The current flowing from electrode to electrode does not
fill the whole space available: it contracts to filaments of
elevated current density. The effect of finite electrode seg-
mentation, i.e., the presence of electrode edges is ‘“‘sensed” by
the current streamlines only when they reach the negative
characteristics (electric field lines) emerging from the points
of discontinuity (see Fig. 1a). Charge concentrations appear
in the field which “rotate” the electric field lines and thus turn
the current streamlines. The solution admits multiple turns.
In an ideally homogeneous plasma the number of turns and of
associated high current density filaments in limited to one
(minimum resistance principle). The maximum possible
number of turns (filaments) is given by (H/C)B/(1 +
expr/B), where C is the electrode width. The current dis-
tribution along the electrode surface is arbitrary.

b) If the current flow is restricted in the lateral direction
(insulator walls, see Fig. 1b), the current constricts at the
electrode and part of the electrode surface becomes idle. The
disturbance caused by the presence of the insulator wall
propagates along the positive characteristics (eurrent lines) to
the electrode surface. The coverage ratio of the electrode
surface is a function of the Hall parameter.

¢) The direction of the high current density layers (modes)
admitted by this solution depends strongly on the number of
layers actually existing in the system and the electrode geom-
etry (BH/C ratio). Considering a single mode, if SH > C,
the direction of the current filament almost coincides with
that of the mean current. As the distance between the anode
and cathode decreases, the current filament turns gradually in
the clockwise direction until it becomes nearly antiparallel to
the current direction at the electrodes.

Let us finally examine to what degree the field distributions
thus obtained can be considered as limit cases inherent in
neutral collision dominated plasmas. Should they represent
a true limit, small deviations in any of the assumptions made
may not lead to qualitative changes in the field distributions.
Assume, for example, that the equilibrium conductivity is
small, but different from zero. Since the electric field lines
cannot terminate at the boundaries separating high conduc-
tivity and low conductivity regions (curl E = 0), it follows
from Ohm’s law that the entire space available must be filled
with current. The present solution does not admit diverging
current stream lines other than spiral ones, hence the current
in the low ¢ region cannot come from the electrodes. Current
stream tubes closed on themselves (eddy currents) are not ad-
mitted either by this solution. Hence, the solution in its
present form loses its meaning as soon as one attempts to
extend it to the whole domain.
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This apparent contradiction can be resolved by examining
once more the basic assumptions involved. As a result of the
neutral collision approximation and the ATe/29, < 1 as-
sumption, B+ approaches zero, i.e., the field distributions are
hyperbolic at any magnetic field strength and current density
values. On the other hand, in regions where ¢ =~ 0, ATe and
thus B+ approach infinity, ie., the distributions remain
elliptic irrespective of the magnetic field strength. Hence,
regions with o =~ 0 are not and cannot be considered as parts
of the present (hyperbolie) solution.

A plausible approach therefore seems to be to assume that
in the low conduetivity regions the plasma is filled with eddy
currents whose distribution can be found by solving an elliptic
boundary value problem defined by the complete set of equa-
tions (dissipative effects included) and the boundary condi-.
tions En = const and Juorm = 0 at the high conductivity low
conductivity interfaces (represented by streamlines) and
Jnorm = 0 at insulator surfaces. A possible discharge pattern
satisfying the above conditions is shown in Fig. 2 for periodie
boundary conditions. The eddy currents represent pure
ohmic losses: part of the applied voltage (or EMF) is wasted
on internally circulating currents. . The return loops of the
eddy currents may again form layers of elevated current den-
sity which have no connection with the electrodes and are
independent of the electrode segmentation. The possibility
of several such layers between two neighboring electrode pairs
is not excluded.

B. Coulomb Collision Dominated Plasma

1t shall be assumed in this case that the electron collision
frequency is directly proportional to the electron number
density, ie., d lnv,/d Inn, =~ 1, 5, = n,, and 3 = 1. With
b, — 1 it follows from Eq. (9) that d InJ = dlon, = —d Inf
and from Eq. (14) that B = 2.

The equation of characteristics obtained for the current
distribution from Eq. (14) can be written in the following
form:

(dy/de)* = B/2[¢* — 1 = Co(a*+ D]/(* + Bg +1) (25)
where
Cp = (1 — 4/B"

or, using the reciprocal orthogonality condition
(dy/de)* = (aJ,/d].)~ =

[Be(1 + Cg)/2 — 11/1g + B + Cp)/2] (26)
(dy/dx)~ = (dJ,/dJ:)* =

[Bg(1 — Cg)/2 — 11/1g + B — Cp)/2]

The variation of the electric field components along the char-
acteristics is given in terms of the current density variation by
means of the following relation (obtained from Ohm’s law):

(1 + pdE,/dE.)[¢* + 1 — Blg — dJ,/dJ.)1(1 +
B9/ + p8) — (1 + B (1 + qdJ,/d].) = 0 (27)

Unlike in neutral collision dominated plasmas, here the
characteristics do not coincide with current streamlines nor
with electric field lines. The angles between the characteris-
tics and the respective field lines are given by tan[J,C*] =
[B(1 + Cg)/2]7* for the positve characteristics, and
tan[XE,C~] = —[2 4+ B(1 + Cp)]~* for the negative charac-
teristics. Hence with increasing Hall parameter values the
characteristic directions approach asymptotically the local
current and electric field directions, respectively.

Equations (26) and (27) supplemented by Eq. (22) yield
the following expressions for the variation of the electric field
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and current density components along the characteristics:

dInJ)+ = —B/2(1 — Cp)dh (28a)
dlnd)~ = —B/2(1 + Cg)db (28b)
dInE)* = —B/2[(1 — Cp)?*/ (3 — Cp)ldb (28¢)
dInE)~ = —B/2[(1 + Cp)*/(8 + Cp)1d0 (284d)

where 8 = arctan (J,/J.) represents the direction of the cur-
rent density vector. These expression can be integrated
numerically or, by taking into account the relation between
the current density and the Hall parameter inherent in this
approximation, also analytically. The final relations thus
obtained can be written in parametric form with the Hall
parameter as independent variable:

(0 — 6)* = B/2[1 = (1 — 4/B9"?] % arcsin(2/8)  (29)
J)E = const/B, E)* = const(l + 1/8%HY?

where the constants of integration are given by the initial
values specified for 6, J, and E, respectively. The hodograph
solution obtained for the current density is shown in Fig. 3
for three different initial Hall parameter values. Solid and
broken lines denote variations along positive and negative
characteristies, respectively. Obviously, with 6ot = 8~ the
shift between 8+ and 6~ corresponding to any particular Hall
parameter value is given by 8t — 8~ = B(1 — 4/8HY2 + 2
arctan(2/B8). However, for the purpose of better visualization,
the initial angles 6™ and 6, have been selected in such a man-
ner that all initial points coincide (point J/Jo = 1 in Fig. 3).

Examination of these results leads to the following conclu-
sions:

a) Following a characteristic (positive or negative) a turn
of the current streamlines in the counterclockwise direction
reduces the current density, and vice versa. At high Hall
parameter values [Cgz — 1, see Eq. (28)], variations along
positive characteristics are much weaker than those along
negative ones.

b) The variation of the current direction along the positive
characteristics is unbounded [see Eq. (29) and Fig. 3]. The
magnitude of the current density vector varies along positive
characteristics in a manner similar to the neutral collision
dominated case: the contraction of the spiral radius over a
given angle interval is approximately given by exp(— A8/
(), where the Hall parameter is averaged over the respective
angle range.

¢) The variation of the current direction along the negative
characteristics is confined to a relatively narrow range of ad-
missible angle values [see Eq. (29) and Fig. 3]:

1—-7/2<(0—0)<0 (30)

Fig. 2 Hyperbolic-elliptic current distribution in a neu-
tral collision dominated plasma with periodic boundary
conditions.
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Fig. 3 Hodograph solution for a Coulomb collision domi-

nated plasma. Solid lines: variation along positive char-

acteristics. Broken lines: variation along negative char-
acteristics. a) Bo =23 b) By = 63 ¢) B = 12,

whereby the lower and upper limits correspond to 8 = 2 and
B = o, respectively. The higher the operating Hall param-
eter range, the smaller is the admissible angle variation. A
relatively small change of the current direction causes a very
sharp increase (or decrease) of the current density along the
negative characteristics. Since at high B8 values the char-
acteristics are nearly parallel to the electric field lines and thus
perpendicular to the current streamlines, an increase (or de-
crease) of the current density along the C— lines is equivalent
to a sharp contraction (or expansion) of the current stream-
lines.

d) No solution exists outside the range of current direction
variation admitted by Eq. (30). Henece only a limited num-
ber of special geometrical configurations (staggered electrodes,.
ete.) can be satisfied by this solution.

The last result, i.e., the restriction of the admissible current
variation to a small fraction of the hodograph plane, has a
sound physical reason: the range of admissible 8~ values is
defined in terms of the existence conditions of real char-
acteristics. Indeed, no real characteristics exist if 8 < Beris =
2, or if the current density is insufficient to produce nonequi-
librium ionization (in reality the condition of dominating
Coulomb collisions is violated long before this minimum cur-
rent density is reached). The lower current density limit—
should it be at all possible to define it in terms of a unique
value—would be represented in the hohograph plane by a
circle, drawn around the center of the coordinate system.
As soon as the limiting Hall parameter values (current densi-
ties) are reached, the solution teases to be hyperbolie.

Let us finally consider, wheather for 8 < B+ (the plasma is
still Coulomb eollision dominated) an analytical continuation
of the solution into the elliptic domain—in a manner analogous
to the neutral collision dominated case—would still be possi-
ble. The corresponding elliptic boundary value problem with
a given current flux along a part of the boundary (the con-
stricted current filament entering the field) would yield ex-
panding current streamlines which would tend to fill the whole
space available. A reduction of the current density would,
however, increase the local Hall parameter above its critic
value, thus shifting the current distribution back into the
hyperbolic region. Hence a transition from the hyperbolic
to the elliptic domain is impossible. On the other hand, the
possibility of a purely parabolic solution (8 = Beiz = const)
is ruled out by the faet that the solution obtained in this
approximation:

(dy/dx)* = (¢ — 1)/(g + 1), tan[xJ,C] =1 D
d1nJ), = df, d InJ), = (2)2/2d0

implies a current density varying exponentially with the
current direction (subscripts ¢ and ¢ denote variations allong
characteristics and current streamlines, respectively). Since
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B « 1/J, the condition 8 = B.us = const cannot be fulfilled
by this solution. Hence, within the present approximation,
no solution exists for boundary conditions that require a turn
of the current streamlines by an angle greater than Afm.x
(Fig. 3).

At high magnetic field strengths and for boundary condi-
tions that comply with the above restriction, the current
distributions in Coulomb collision dominated plasmas are
similar to those obtained for the neutral collision dominated
case, except the constriction and expansion of the current
filaments is far more pronounced here than in the former case.
The limited nature of this solution is a result of the mathe-
matical abstraction used; of the assumptions ATe/29, K 1
and d InJ = dlnn. = —d Inf in particular. The removal of
these assumptions would, however, require a numerical solu-
tion of the hodograph equations and a step-by-step (numeri-
cal) build-up of the characteristic network in the physical
plane. Such a procedure is equivalent in volume to the
numerical solution of the original set of equations and exceeds
the scope of the present analysis.
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